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SUMMARY

In this study a Stokeslet-based method of fundamental solutions (MFS) for two-dimensional low Reynolds
number partial-slip flows has been developed. First, the flow past an infinitely long cylinder is selected
as a benchmark. The numerical accuracy is investigated in terms of the location and the number of the
Stokeslets. The benchmark study shows that the numerical accuracy increases when the Stokeslets are
submerged deeper beneath the cylinder surface, as long as the formed linear system remains numerically
solvable. The maximum submergence depth increases with the decrease in the number of Stokeslets.
As a result, the numerical accuracy does not deteriorate with the dramatic decrease in the number of
Stokeslets. A relatively small number of Stokeslets with a substantial submergence depth is thus chosen
for modeling fibrous filtration flows. The developed methodology is further examined by application to
Taylor–Couette flows. A good agreement between the numerical and analytical results is observed for
no-slip and partial-slip boundary conditions. Next, the flow about a representative set of infinitely long
cylindrical fibers confined between two planar walls is considered to represent the fibrous filter flow.
The obtained flowfield and pressure drop agree very well with the experimental data for this setup of
fibers. The developed MFS with submerged Stokeslets is then applied to partial-slip flows about fibers
to investigate the slip effect at fiber–fluid interface on the pressure drop. The numerical results compare
qualitatively with the analytical solution available for the limit case of infinite number of fibers. Copyright
q 2008 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In the filtration process, particles are separated from the fluid mainly by interception, inertial
impaction and Brownian diffusion [1–3] toward fibers. The flowfield about fibers and the pressure
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drop across the setup of fibers are important to predict the filter efficiency. In frame of the
Stokes approximation (Re<1), Kuwabara and Hapel independently proposed two similar sets of
analytical solutions to the fibrous filtration flow, which was represented by a two-dimensional flow
past a cylindrical fiber with symmetrical boundary conditions (BC) [4, 5]. Based on the simple
Kuwabara’s and Hapel’s model, also called the cell model, there have been a number of numerical
studies about the flowfield, pressure drop and particle capture mechanisms [6–9]. As shown in
[10], Kuwabara’s model is applicable to strictly periodically arranged fibers.

Most of the prior studies are concerned with the no-slip flows (Kn�0.01), where Kn is the
Knudsen number [1, 11]. If 0.01<Kn�0.25, velocity slip at the fiber surface needs to be accounted
for due to the presence of Knudsen layer at the fiber wall [1]. Again, analytical solutions based on
the cell Kuwabara’s model have been proposed for filtration flows in the partial-slip flow regime
[1, 10]. It was shown that the filter efficiency increases with the increase in the Knudsen number
in the slip flow regime [12].

Modeling of flowfield to predict particles’ dynamics and material adsorption in fibrous structures
is of significant interest. Although cell models for predicting the capture efficiency and pressure
drop of fibrous media are available [6–9, 13], more detailed models of flowfield are currently
needed, for example, to predict the position of the adsorbed particles within the multi-modal non-
structured fiber web [14]. An adequate model of flowfield is important to understand fouling and
caking that can render the filter ineffective [15]. For signaling and sensing [16], it is crucial to
monitor and predict positions of the captured particles, for which purpose the flowfield model is
needed.

Filters made of nanofibers are important to capture nano-scale particles since usually the size of
the capturing particles is comparable to the size of the fibers. For gas flows in filters, partial-slip
BC are valid if the Knudsen number, defined as the ratio of the mean free path over a characteristic
length [1, 11], satisfies 0.01<Kn<0.25. The mean free path in air under standard conditions is ∼
72 nm so the flowfield about fibers ranging from 0.25 to 7 �m of radius will have partial-slip BC.
For liquid flows in filters, apparent slip [17], ranging from nanometers [18] to micrometers [19],
has been reported in the literature. Thus, partial-slip BC are important for gas and liquid filtration
flows.

Numerical techniques for solving Stokes equations can be categorized into either domain-
discretization method such as finite-volume methods, or boundary-discretization method such as the
method of fundamental solutions (MFS). The boundary-discretization methods are more feasible
for complex geometry of multiple fibers compared with the domain-discretization methods. The
boundary-discretization methods may become particularly important for dynamically changing
geometry of the setup because of flow pressure exerted on fibers and formation of clouds of
captured particles at the fibers’ surface. The boundary-discretization methods usually have a lower
storage and computational time requirements than the domain-discretization methods. However,
the practical use of the MFS is hindered by the presence of singularities and other problems related
to the ill-conditioned matrix associated with the MFS [20, 21].

The goal of this paper is twofold: (1) to extend the MFS to two-dimensional partial-slip Stokes
flows and to minimize the required number of boundary elements by the systematic choice of their
location; and (2) to apply the developed methodology to fibrous filtration flows with the finite
number of fibers.

This study is aimed at developing a robust numerical method suitable for filtration flows for the
finite number of fibers in the no-slip and partial-slip flow regimes. Filtration flows for finite multi-
fiber setup have been studied numerically and compared with available experiments. In general,
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the number of fibers required to represent the filter depends on the level of irregularity of fibers’
web. The finite-difference [22] and spectral domain-based methods [23] have been used to simulate
the filtration flows through cylindrical fibers. The variational and boundary element methods have
been applied to study filtration flows through elliptical fibers [1]. A boundary collocation method
was employed to model filtration flows through porous cylindrical fibers [24].

Two-dimensional Stokes flows have been extensively studied theoretically, experimentally and
numerically. Consequently, a number of equivalent forms of the Stokes equations were proposed
in terms of vorticity, pressure and stream function, such as the harmonic equations of vorticity and
pressure and bi-harmonic equations of stream function [25]. The vorticity and stream function-
based methods are limited to two-dimensional flows, whereas the considered MFS method can
be extended to three-dimensional flows. Such an extension is important for bended and randomly
oriented fibers, fibers of finite length and to the problem of interception of spherical particles
by fibers. Our recent papers [26, 27] extended MFS to motion (assembly) of three-dimensional
isolated particles in still fluid for setups for up to four spherical particles; however, fibrous flows
were out of scope of those papers.

As one of the boundary-discretization-based methods, the MFS has been successfully applied
to a number of two- and three-dimensional steady Stokes flows, such as cavity flows [21], cavity
flows with cylinders [28], flows caused by the motion of solid particles [29, 30], flows about two
spheres in tandem [31], spiral swimming flows [32, 33], and movement of spherical particles in
capillaries [34], to name a few. Efforts also have been made to solve unsteady Stokes flows by
the singularity method [25, 35, 36] and inverse two-dimensional Stokes problems [37]. The MFS
has also been applied to Brinkman flow including the case of Brinkman flow with Robin BC
at the interface with another fluid [38]. In these applications, the flows assumed to have no-slip
BC at rigid boundaries. Attempts were made to define the optimal location of the singularities
[29, 39–42]; however, systematic study is still needed to find the minimum number of singularities
to solve the Stokes flow with the required accuracy. The needed number of singularities appears
to be a function of the submergence depth of singular points. In particular, such an investigation
is needed for setups with the finite, but considerable number of fibers for which an unreasonable
large number of boundary singularities may be required otherwise.

In the MFS, the solution is formed by superposing the fundamental solutions to the Stokes
equations. The strength of the singularities is then obtained by solving a system of linear equations
formed by enforcing the solution to satisfy the BC by direct collocation or by a least-squares fitting
[43]. The Stokeslet, the primary singularity of the Stokes equations [44], and the direct collocation
procedure are adopted in this study. In this study, the flow past an infinite long cylinder was selected
as a benchmark. The numerical accuracy is investigated thoroughly as functions of location and
the number of Stokeslets. It is shown that the number of Stokeslets can be dramatically reduced
to achieve a prescribed accuracy by optimizing the location of Stokeslets.

The developed methodology was then applied to investigate the no-slip and partial-slip flows
about representative sets of cylinders confined between two planar walls. The effect of setup
parameters on the pressure drop was examined. The obtained velocity profiles and pressure drop
across the filter compare favorably with the results of an experiments performed recently for no-slip
flow about the finite number of fibers [45]. The slip effect is then investigated over the velocity
profile and the pressure drop. The influence of the number of rows and columns of fibers on the
pressure drop is investigated. Although the physical model of the finite setup of fibers considered
in this study is different from Kuwabara’s cell model, it is shown that the numerical pressure drop
approaches Kuwabara’s solution when the number of rows of fibers increases.
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The paper is composed as follows. In Section 2, the mathematical model is presented and the
solution method based on the MFS is described. In this section, the differentiation of Stokeslets
is introduced to match the partial-slip BC. In Section 3, the proposed MFS for partial-slip flows
is validated against two benchmark circular geometry flows: (i) the flow past an infinitely long
cylinder and (ii) the flow confined in the gap between two concentric rotating cylinders. In Section 4,
the developed MFS is implemented to filtration flows. The obtained numerical results agree well
with the experimental data available for the no-slip filtration flow. For flow with partial-slip BC
in the same fibrous system, the numerical results are compared with the analytical Kuwabara’s
model. In Section 5, the conclusions are drawn and future work is discussed briefly.

2. MATHEMATICAL MODEL AND SOLUTION METHOD

2.1. Governing equations and boundary conditions

The governing equations are the Stokes equations. The associated partial-slip and no-penetrating
BC in the polar coordinate system are

u� = us�+c

(
1

r

�ur
��

− 1

r
u�+ �u�

�r

)
r=a

ur = usr

(1)

where c=((2−�)/�)Kna is the coefficient of partial-slip BC, Kn is the Knudsen number, a is the
radius of cylinder, � is the tangential momentum accommodation coefficient, us� and usr are the �
and r components of the wall velocity. When Kn=0, c=0 and the partial-slip BC reduce to
the no-slip BC.

2.2. MFS with two-dimensional Stokeslets

The primary singularity, Stokeslet, was used in the method of fundamental solutions in the current
study. The velocity induced by a Stokeslet, or point force, is given by [25]

u(k) = 1
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where
⇀

F(F (1),F (2)) is the Stokeslet composed of scalar components F (1) and F (2),� is the

viscosity,
⇀
r is the vector directed from the observation point (also referred to as collocation point)

to the Stokeslet (see Figure 1(b)), | ⇀
r | is the magnitude of vector

⇀
r , the superscripts k and m

denote the components of vectors. The Einstein summation rule applies to the superscript m.
Because of the linearity of the Stokes equations, the velocity induced by N Stokeslets is the

summation of fundamental solutions,
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where
⇀
r i j =(x j −xi , y j − yi ), and |⇀r i j | is the distance between the collocation point, j , and the

Stokeslet, i . The Einstein summation rule applies to superscript m.
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Figure 1. Schematic of the problem: (a) flow past an infinitely long cylinder with Stokeslets and collocation
points shown; (b) vectors directed from a collocation point to two neighboring Stokeslets; and (c) vectors
directed from two neighboring collocation points to a Stokeslet. Here, � and � are angles between vectors,

where the angle � corresponds to a deeper submergence of Stokeslets.

Owing to the logarithmic term in Equations (2) and (3), the two-dimensional Stokeslet exhibits
a singular behavior not only when the observation point tends to the location of the Stokeslet,

but also when the observation point is far away from the location of the Stokeslet (| ⇀
r |→∞).

The singularity at | ⇀
r |→∞ suggests that the solution is invalid far away from the location

of the Stokeslet. Nevertheless, it does not cause numerical problems since the distance between the
collocation point and the location of a Stokeslet is limited to finite values in the present computa-

tions. Three versions of the MFS, which remove the singularity at | ⇀
r |=0, have been investigated

for the three-dimensional flow about a single sphere [26]. It was shown in our recent study [26]
that the application of the submerged Stokeslets generated satisfactory results for partial-slip flows
without extra efforts to obtain the correct pressure at the fluid–solid interface. Hence, the submerged
Stokeslets are used in this study.
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The pressure induced by a Stokeslet was presented in [25] as

p=− 1

2�

F (i)r (i)

| ⇀
r |2

(4)

Thus, the pressure at point ‘ j’ caused by N Stokeslets can be expressed as

p j =− 1

2�

N∑
i=1

F (m)
i r (m)

i j

| ⇀
r i j |2

(5)

The solution procedure by direct collocation is as follows. By substituting Equation (3) into BC (1),

a system of linear equations was constructed. The strength of the Stokeslets,
⇀

F , was obtained
by solving this system. The velocity vector in the domain of the fluid flow was then calculated
straightforwardly by using Equation (3). In the formation of the linear system, the derivatives of
velocity in BC (1) in the polar coordinates are obtained by differentiating Equation (3) for velocity
at the rigid boundary (see Appendix A for details).

3. VALIDATION OF THE MFS

3.1. Flow past an infinitely long cylinder

A uniform flow past an infinite long cylinder was investigated first to verify the method of
fundamental solutions of submerged Stokeslets. The cylinder with a radius a is located at the
origin. The far-field flow velocity vector is (1,0) (see Figure 1(a)).

3.1.1. Analytical solution for flow past an infinitely long cylinder. Under the Stokes approximation,
an analytical solution for a far-field uniform flow (Uinf) in the x direction past an infinitely long
cylinder with its center at the origin was presented in [46] as

u=− 1

1−2 lna
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2 lnr− a2
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)
+2

x2

r2

(
1− a2

r2

))
+Uinf (6a)

v=− 2xy

(1−2 lna)r2

(
1− a2

r2

)
(6b)

where r =√x2+ y2. Because of the logarithmic term in Equation (6a) the solution is unbounded
when r →∞ (the Stokes paradox). Nevertheless, this solution is valid in the area close to the
cylinder [47]. This two-dimensional flow was used as a benchmark for the method of regularized
Stokeslets in [46].

3.1.2. Accuracy of numerical results for no-slip flows. The streamlines are presented in Figure 2(b)
for the no-slip flow past a cylinder. They coincide with the experimental streamlines for Stokes
flow about a cylinder [48]. It can be observed from Figure 2(b) that the flow is reversible and
symmetric about the line of y=0, which is typical for uniform Stokes flows past a solid body.
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Figure 2. Computed flowfield for flow about an infinitely long cylinder: (a) the 41×41 grid for convergence
evaluation in the 2a×2a domain and (b) streamlines for no-slip boundary conditions.

The accuracy of the numerical results of the Stokes flow about a cylinder is evaluated by
comparing with the analytical solution at the 41×41 grid covering the 2a×2a domain enclosing
the cylinder (see Figure 2(a)). It should be noted that this mesh is used exclusively for convergence
evaluation. The solution procedure involves only the boundary discretization (see Figure 1). The
formula used for calculating the error of velocity magnitude is

Errv =
∑Ny

j=1

∑Nx
i=1 ||unumi, j |−|uani, j ||

N
(7)

where Nx =Ny =41. The superscripts ‘num’ and ‘an’ denote the numerical and analytical results,
respectively.

Presented in Figure 3 are the errors of velocity magnitude with respect to the submergence
depth and the number of Stokeslets obtained by using Equation (7). For the fixed number of
Stokeslets, the error of the numerical results decreases with the increase in the submergence depth.
For example, if the number of Stokeslets is N =20, the error in the velocity magnitude reaches
O(10−10) when the submergence depth is 80% of the cylinder radius.

It can be observed in Figure 3 that the accuracy increases with the increase in the number
of Stokeslets for a fixed submergence depth. The maximum accuracy achieved by varying the
submergence depth decreases with the decrease in the number of Stokeslets employed. In order
to achieve a prescribed accuracy, the deeper the Stokeslets are submerged, the smaller the number
of Stokeslets required. However, the solution may fail if the submergence depth is too large.
For example, for N =100 the solution failed before the submergence depth reached the 90% of
the cylinder radius. The reason for the failure could be attributed to the highly ill-conditioned
matrix of the system, which has been reported in the literature [49, 50] and extensively addressed
in our previous study for three-dimensional Stokeslets [26]. When the submergence depth of
Stokeslets increases the system matrix become ill posed because of the following reasons: (i) the
vectors directed from a collocation point to the neighboring Stokeslets become nearly parallel
(see Figure 1(b)) and (ii) the vectors directed from neighboring collocation points to a Stokeslet
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Figure 3. Errors of velocity magnitude with respect to the submergence depth and the number of Stokeslets
used. The submergence depth is normalized by the radius of the cylinder.

become nearly parallel to each other (see Figure 1(c)). As a result, the system matrix contains
almost equal columns or rows originated from the neighboring Stokeslets or collocation points.

It was stated in [43] that the numerical results obtained for the two-sphere problems by collo-
cation schemes were sensitive to the distribution and the parity (even or odd) of the number of
Stokeslets. Four cases are thus investigated to examine whether the sensitivity exist for the Stokes
flow about the cylinder (see Figure 4). The number of Stokeslets is either 20 or 21. The Stokeslets
are distributed evenly with the step �� with the first Stokeslet located either at �=0 or �= 1

2��.
The errors in the numerical results are presented in Figure 4 with respect to the submergence depth
that ranges from 0 to 100% of the cylinder radius. No obvious advantage is observed of one case
over the other.

3.1.3. Numerical independence of results on the submergence of Stokeslets for partial-slip and
no-slip flows. As shown in the previous subsection for no-slip flows, the error of the numerical
results decreases with the increase in the submergence depth. The independence of numerical
results on the location of Stokeslets is evaluated for no-slip and partial-slip flows past an infinite
long cylinder by using the following formula:

Errv = Maxi=1,Ns , j=1,Ny (||un+1
i, j |−|uni, j ||)

Maxi=1,Ns , j=1,Ny (|uni, j |)
(8)

where ‘n+1’ and ‘n’ denote different submergence depths. The submergence depth ranges from 1
to 0.02 with a step of 0.02. The grid used for calculating the error is the same as that used in the
previous section.
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Figure 4. Error of velocity magnitude with respect to the submergence depth for different
arrangement of Stokeslets: for Case 1 and Case 2, N =20; for Case 3 and Case 4, N =21; the
starting point for discretization along the cylinder for Case 1 and Case 3 is at �=0 and that

for Case 2 and Case 4 is at �= 1
2��.

The number of Stokeslets used in the computations is equal to 20 based on the findings for the
no-slip flows. Figure 5 shows the errors of velocity magnitude for no-slip (Kn=0) BC by using
Equations (7) and (8) and partial-slip (Kn=0.1) BC by using Equation (8). It is observed that
the error is small when the submergence depth is substantial. Note that the profiles of errors in
velocity magnitude as a function of submerging depth are similar by using Equations (7) and (8).

3.2. Taylor–Couette flow

The flow confined in the gap between two concentric rotating cylinders is studied numerically to
illustrate the applicability of the proposed methodology to partial-slip interior flows. The inner
cylinder moves clockwise at the tangential velocity of Ui and the outer cylinder moves counter-
clockwise at the tangential velocity of Uo (see Figure 6(a)). The center of the two concentric
cylinders is located at the origin.

3.2.1. Analytical solution for the Taylor–Couette flow. The tangential velocity of the flow can be
written in terms of the radius r in the polar coordinates as

u� =C1r+C2

r

where

C1= ab(Uob−Uia)+2c(Uia2+Uob2)

ab(b2−a2)+2c(b3+a3)

C2=− a2b2(Uib−Uoa)

ab(b2−a2)+2c(b3+a3)
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Figure 5. Error of velocity magnitude with respect to the submergence depth for the no-slip
and partial-slip (Kn=0.1) flows about an infinitely long cylinder. Two different error norms
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Figure 6. Taylor–Couette flow: (a) problem schematic and (b) the tangential velocity with respect to the
radius r in the gap between two cylinders.

where a is the radius of the inner cylinder, b is the radius of the outer cylinder, c is the slip
coefficient as described in Section 2. When c equals zero for no-slip flows, the coefficients C1 and
C2 reduce to the ones presented in [47].
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3.2.2. Comparison of numerical results with the analytical solution. In the presented computations,
the inner and outer cylinders rotate at a speed of U in the opposite directions. The radii of the
inner and outer cylinder are 1 and 1.2, respectively. The number of Stokeslets used for the inner
cylinder is 20 and the submergence depth for the Stokeslets is 0.8a, as obtained from the previous
computation for flow past a cylinder. The number of Stokeslets for the outer cylinder is 24 so that
the distance between the neighboring collocation points is the same as that for the inner cylinder.
The optimal submergence depth of Stokeslets for the outer cylinder is obtained in the same manner
as adopted in Section 3.1.

The tangential velocity at �=0 is presented in Figure 6(b) along the r direction. The Knudsen
number is based on the radius of the inner cylinder. A good agreement between the analytical
and numerical results is observed for both no- and partial-slip BC. When the Knudsen number
increases from 0 (no slip) to 0.1 (partial slip), the momentum transfer from the boundary to the
fluid confined in the gap of the two cylinders is lowered substantially. At the surface of the inner
cylinder, the tangential fluid velocity is less than the half of the wall velocity. At the surface of
the outer cylinder, the tangential fluid velocity slightly exceeds the half of the wall velocity.

4. APPLICATIONS TO FILTRATION FLOW: PRESSURE DROP ACROSS A FILTER AND
VELOCITY DISTRIBUTION FOR NO-SLIP AND PARTIAL-SLIP FILTRATION FLOWS

4.1. Problem setup

The schematic of the problem is given in Figure 7. The BC adopted for the numerical modeling
are as follows. At the fiber surface, the BC determined by Equation (1) are applied. At the inlet,
the velocity vector is (0,−1). No BC are enforced at the outlet. At the planar walls, the partial-slip
and no-penetrating BC are applied. In the computations, �=�=6,�=�/2 (see Figure 7).

A representative set of 4×8 cylinders is taken to investigate the effects of the submergence
depth of Stokeslets and the side wall length on the computed pressure drop.

The pressure drop presented is an average one across a row of fibers and calculated as �p=
( p̄2− p̄1)/(Nr−2), where Nr is the number of rows of fibers, p̄1 and p̄2 are the average pressures
at two horizontal cross-sections, y1 and y2, and subscript ‘num’ denotes the numerical result,
y= y1 is the cross-section in the middle of the bottom row of cylinders and its neighboring row and
y= y2 is one in the middle of the top row of cylinders and its neighboring row. The distributions
of collocation points and locations of Stokeslets are shown in Figure 8.

In Figure 9, it is shown that the pressure drop tends to a constant value when the submergence
depth of Stokeslets and the wall length increase, which validates the independence of the numerical
results over the setup length and the submergence depth of Stokeslets.

4.2. Comparison with experiments

In the experimental study [45], no-slip filtration flows were investigated with respect to the velocity
distributions and pressure drop across a filter. The Reynolds number of the filtration flow under
investigation ranged from 0.01 to 0.17. The distances of separation between the centers of rods
were equal in the vertical and horizontal directions and denoted by a single symbol, D. The
corresponding setup in the numerical computation is �=�=D/a. The experimental results of
velocity and pressure drop for the case of packing function cpf=5% are compared with the results
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radius of fiber), the distance between the centers of fibers at the outmost layer of cylinders in the x
direction and the adjacent wall is denoted as �a. The height of the filtering layer (i.e. the distance
between the centers of two outmost rows of cylinders) is denoted as H . A similar geometry setup

was used in the experimental research.
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Figure 9. Obtained pressure drop: (a) pressure drop with respect to the submergence depth of Stokeslets
and (b) pressure drop with respect to the wall length, 	H .

x/D

V
el

oc
ity

-0.5 0 0.5

0

0.5

1

1.5

2 y/D=0, Experimental

y/D=0, Numerical

y/D=0.48, Experimental

y/D=0.48, Numerical

Figure 10. Comparison between numerical and experimental results: velocity profiles along two horizontal
cross-sections at y/D=0 and y/D=0.48. Here, D is the distance of separation of the centers of fibers.

from numerical modeling. Here, cpf is defined as cpf=�a2/D2 that corresponds to �=�=√�/cpf=
7.93. The number of rows of rods is 8 and the number of columns is 14. It is shown in Figure 10
that the numerical velocity profiles agree well with the experimental results. The difference in the
pressure drop is (�pnum−�pexp)/�pexp≈−6.7%, where subscript ‘exp’ denotes the experimental
result. The fact that the numerical pressure drop is less than the experimental one can be attributed
to the two-dimensional assumption made in the numerical modeling.
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Figure 11. Pressure with respect to the Knudsen number: (a) pressure distributions for Kn=0 (no slip); (b)
Kn=0.1 (partial slip); (c) Kn=0.25 (partial slip); and (d) comparison of pressure drop between numerical

and analytical results by Kuwabara model.

4.3. Comparison with Kuwabara’s model

In Kuwabara’s model, a two-dimensional velocity field of viscous flow transverse to a cylinder
with symmetrical BC was used to model the filtration flow through a parallel set of cylindrical
fibers. The formula of pressure drop based on Kuwabara’s model was presented in [1]

�p= 4�cpfhUinf(1+1.996Kn)

a2

[
−1

2
ln(cpf)−0.75+cpf−

c2pf
4

+1.996Kn

(
−1

2
ln(cpf)−0.25+ c2pf

4

)] (9)

where � is the viscosity, h is the thickness of filter, Uinf is the far-field velocity and a is the radius
of fiber. The upper limit of the Knudsen number for Kuwabara’s model to remain valid is 0.25.

It should be noted that the assumption used for deriving the analytical solution presented in
Equation (9) is the infinite number of cylinders in the y direction. Despite of this discrep-
ancy between the numerical and analytical setups, the analytical formula was still valuable for
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Figure 12. Pressure drop with respect to: (a) number of rows and (b) number of columns.

approximately examining the validity of the numerical simulation and investigating the wall effects
on pressure drop.

By using the same geometry setup as described in Section 4.1, the pressure contours for
no-slip and partial-slip filtration flows (Kn=0.1 and 0.25) are obtained and presented in Figure
11(a)–(c), respectively. The pressure distribution roughly exhibits stratification in the y direction
corresponding to hydraulic losses of flow energy. It is observed that the pressure for the no-slip
case in the entrance area is much higher than those for the partial-slip cases for the same pressure
in the exit area. Thus, the partial-slip at the fluid–solid interface lowers the pressure drop. In
Figure 11(d), the pressure drop is given as a function of the Knudsen number. With the increase of
the Knudsen number, the numerical and analytical pressure drops follow a similar tendency. The
discrepancy between the numerical and analytical pressure drops exists because of the presence
of planar walls and the finite number of fibers in the numerical computations.

Further computations are conducted to investigate the influence of the number of columns and
rows of cylinders on the pressure drop. It is observed that the increase in number of rows barely
affects the pressure drop (see Figure 12(a)). The numerical pressure drop evolves rapidly and
tends to the value calculated from the Kuwabara model (Equation (9)) when the number of fibers’
columns increases (see Figure 12(b)).

5. CONCLUSIONS

In this study the MFS for two-dimensional partial-slip flows is developed and validated. The
accuracy of the numerical results is examined in terms of the number of Stokeslets and the
submergence depth of Stokeslets. It is shown that a prescribed accuracy of the numerical results
can be maintained using the largely reduced number of Stokeslets if the optimal submergence
depth of Stokeslets is chosen. The reduction in the number of Stokeslets used per fiber leads to
the reduction in the size of the formed matrix, and thus the computational cost is greatly reduced.
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The sensitivity of the numerical solution to the parity of the number of Stokeslets and to the
distribution of Stokeslets is investigated.

The developed approach is then applied to the representative sets of cylinders confined between
two planar walls typical for filtration flows. The numerical results agree very well with the
experimental results for no-slip filtration flows. The numerical results for no-slip and partial-slip
flows are compared with Kuwabara’s model, which represent a limit case with infinitely large
number of columns and rows of fibers. It is demonstrated that the slip at fluid–solid interfaces
has a significant effect over the pressure drop. This effect is adequately captured by the proposed
method of fundamental solutions for partial-slip flows.

The current study will be extended to filtration flows in the transition flow regime in the near
future. For transition flows, heuristic slip models are not sufficient to account for the effect of
the near-wall Knudsen layer. The direct simulation Monte Carlo for the Knudsen layer will be
combined with the MFS methodology developed in the current study.

APPENDIX A

The Cartesian velocity components in Equation (2) can be explicitly expressed as

ux = u(1)
j = 1

4��

(
F (1)
i ln | ⇀

r i j |−
F (1)
i r (1)

i j +F (2)
i r (2)

i j

| ⇀
r i j |2

r (1)
i j

)

uy = u(2)
j = 1

4��

(
F (2)
i ln | ⇀

r i j |−
F (1)
i r (1)

i j +F (2)
i r (2)

i j

| ⇀
r i j |2

r (2)
i j

) (A1)

Indices ‘i’ and ‘ j’ are omitted for brevity in the following development.
The relation between the Cartesian and polar coordinates (r,�) is given as follows:

(x, y)=(r cos�,r sin�)

The velocity in the polar coordinates, up, can be related to the velocity in the Cartesian coordinates,
uc, as follows:

up=M uc (A2)

where

up=
[
ur

u�

]
, uc=

[
ux

uy

]
, M=

[
nx ny

�x �y

]

(nx ,ny) and (�x ,�y) are unit vectors in the r and � directions.
Using the above relations and the formulas (A1), one can obtain

u� = 1

4��

⇀

� ·R · ⇀

F

ur = 1

4��

⇀
n ·R · ⇀

F (A3)
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�ur
��

= 1

4��
(nx

⇀

� ′ ·A · ⇀

F +ny
⇀

� ′ ·B · ⇀
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� ′′ ·R · ⇀

F)

�u�

�r
= 1

4��
(�x
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F +�y
⇀
n ·B · ⇀

F)

where

F=(F (1),F (2))T

n=(nx ,ny)=(cos�,sin�)

h=(�x ,�y)=(−sin�,cos�)

⇀
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�x
��

,
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It should be noted that the above formulas are presented for a single Stokeslet. For N Stokeslets,
the right-hand side of (A3) should be summarized over the number of Stokeslets. Replacing the
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corresponding terms in partial-slip BC (1), two equations at a collocation point can be obtained as,

∑((
⇀

� ·R−c

(
1

r
(nx

⇀

� ′ ·A+ny
⇀

� ′ ·⇀� ′′ ·R)

−1

r
(
⇀

� ·R+�x
⇀
n ·A+�y

⇀
n ·B)

)
r=a

)
· ⇀

F

)
= 4��us�

∑
(
⇀
n ·R · ⇀

F) = 4��usr

(A4)

When c=0, the first equation reduces to

∑
(
⇀

� ·R · ⇀

F)=4��us�

that corresponds to the no-slip BC.
For N collocation points, one can obtain 2N equations (A4) with respect to N unknown

Stokeslets F. It should be noted that matrices A and B originate from the derivatives of velocity,
and hence involve derivatives of Stokeslets, that is, higher-order singularities.
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